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ON MEAN-CONVEX ALEXANDROV EMBEDDED SURFACES IN THE
3-SPHERE
L. HAUSWIRTH, M. KILIAN, AND M. U. SCHMIDT
Abstract. We consider mean-convex Alexandrov embedded surfaces in the round unit 3-sphere,
and show under which conditions it is possible to continuously deform these preserving mean-
convex Alexandrov embeddedness.
1. Introduction
In this paper we consider a class of complete immersed surfaces M →֒ S3 in the round unit 3-
sphere S3. The additional property we assume is that these surfaces are mean-convex Alexandrov
embedded. This condition means that the immersion M →֒ S3 extends to an immersion N →֒ S3
of a 3-manifold N , whose boundary ∂N = M , and such that N lies on the mean-convex side of
M . In the literature there are the notions of Alexandrov embeddings for compact domains on the
one hand, and the concept of properly Alexandrov embedded immersions from open manifolds
into open Riemannian manifolds on the other hand. Since we are interested in immersions of
open manifolds into the compact Riemannian manifold S3, we propose the following
Definition 1.1. A mean-convex Alexandrov embedded surface in S3 is a smooth complete im-
mersion f : M → S3 from a connected surface M which extends as an immersion to a connected
3-manifold N with boundary M = ∂N with the following properties:
(i) The mean curvature of M in S3 with respect to the inward normal is non-negative everywhere.
(ii) The manifold N is complete with respect to the metric induced by f.
An immersion f : M → S3 just obeying condition (ii) is called an Alexandrov embedding.
Preserving the property of mean-convex Alexandrov embeddedness during continuous deforma-
tions is subtle when the surface is not compact. In general one gets continuity only with respect
to the topology defined by uniform distances on compact subsets, and this not necessarily pre-
serves embeddness or Alexandrov embeddness of non-compact surfaces. We shall see that a
mean-convex Alexandrov embedded surface permits a deformation preserving Alexandrov em-
beddedness, if firstly the surface bounds a collar of width bounded uniformly from below and if
secondly the surface obeys a chord-arc-bound. Furthermore, we show that for a parabolic surface
M any mean-convex Alexandrov embedding f : M → S3 with constant mean curvature fulfills
these two conditions, if it has uniformly bounded geometry . By this we mean:
(a) The principal curvatures κ1, κ2 of f are uniformly bounded by
(1.1) max(|κ1|, |κ2|) ≤ κmax .
(b) There is a constant C which bounds the covariant derivative of the second fundamental form
h of the immersion, so that for all p ∈M and X, Y, Z ∈ TpM we have
(1.2) |(∇Xh)(Y,Z)| ≤ C |X| |Y | |Z| .
Condition (a) is sufficient to guarantee the existence of a global positive lower bound of the cut-
locus function for cmc mean-convex Alexandrov embedded parabolic surfaces (Proposition 2.3).
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This uniform lower bound c > 0 of the cut-locus function is obtained with Hopf’s maximum
principle at infinity, and in turn provides us with a collar of uniform width. Condition (b)
and the lower bound on the cut-locus are needed to prove a chord-arc bound (Proposition 3.1),
which relates distances in M to distances in N . In order to preserve mean-convex Alexandrov
embeddedness during continuous deformations, we localize the concept, and divide the surface
into compact mean-convex Alexandrov embedded pieces. We show first that along continuous
C1-deformations the compact pieces stay mean-convex Alexandrov embedded (Proposition 4.2).
We then prove that these local mean-convex Alexandrov embedded pieces can be glued together
into a global mean-convex Alexandrov embedding (Propsition 5.1). We combine our results into
the following
Theorem. Let f : M → S3 be an immersion with non-negative mean curvature and principal
curvatures bounded by κmax = cot(c). Suppose that for each p ∈ M a mean-convex Alexan-
drov embedding fp : M → S3 with cut-locus function bounded from below by c > 0 and second
fundamental form obeying (1.2) with C > 0 is on B(p,R) ⊂M close to f in the sense that
‖ f − fp ‖C1(B(p,R)) < ǫ
for ǫ,R > 0 depending on c and C. Then f extends to a mean-convex Alexandrov embedding.
As an application of our result we note that surfaces in S3 with constant mean curvature H are
not isolated, but come in deformation families with varying H. These deformations come from
the integration of bounded Jacobi fields on the surface. We consider not only one immersed
cmc surface f : M → S3 but a whole deformation family {ft}. For bounded Jacobi fields
one can show that if one member of a family is mean-convex Alexandrov embedded with cut-
locus function bounded from below by c > 0, then every member of the family is mean-convex
Alexandrov embedded, and the cut locus functions of the whole family is uniformly bounded from
below by c > 0. When deforming a mean-convex Alexandrov embedded surface f of uniformly
bounded geometry by integration of a non-bounded Jacobi field, then we need to control the
geometry at infinity of surfaces ft which are close to f on compact subsets. Our Theorem ensures
that if the geometry at infinity of ft is uniformly close to f on all balls of fixed radius, then ft
is also mean-convex Alexandrov embedded. Such an application might be considered in future
work.
2. Lower bound on the cut locus function
2.1. Inward M-geodesics. In the setting of Definition 1.1, a fixed orientation of S3 induces
on N and M = ∂N an orientation. Conversely, if M is endowed with an orientation, then
there exists a unique normal, which points inward to the side of M in S3, which induces on
the boundary M the given orientation of M . In this sense the orientation of M determines the
inward normal of N . For each point p ∈M of a hypersurface of a Riemannian manifold N there
exists a unique arc-length parameterised geodesic γ(p, ·) emanating from p = γ(p, 0) and going
in the direction of the inward normal at p. Such geodesics are called inward M -geodesics.
2.2. Cut locus function. Let γ(p, ·) be an inward M -geodesic. Points q ∈ N in the ambient
manifold that are ‘close to one side’ of M can thus be uniquely parameterised by (p, t) where
p ∈ M and q = γ(p, t) for some inward M -geodesic γ(p, ·) and some t ∈ R+0 . The value of t
is the geodesic distance of q to M . Extending the geodesic further into N it might eventually
encounter a point past which γ(p, t) has distance to M smaller than t. Such a point is called a
cut point. The cut locus of M in N consists of the set of cut points along all inwardM -geodesics.
We define the cut locus function as the geodesic distance of the cut point to M :
(2.1) c : M → R+, p 7→ c(p), such that γ(p, c(p)) is the cut point.
If we want to emphasise the dependence on f we write γf and cf .
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2.3. First focal point. Recall the following characterization of cut points (see e.g. [4, Lemma 2.1]).
Lemma 2.1. A cut point is either the first focal point on an inward M -geodesic, or it is the
intersection point of two shortest inward M -geodesics of equal length.
The first focal point on an inward M -geodesic is denoted by
γ(p, tfoc) .
For mean-convex M the first focal point on an inward M -geodesic has geodesic distance at most
π
2 , so that tfoc ≤ π2 . Hence also the cut locus function of a mean-convex Alexandrov embedding
is uniformly bounded from above by π2 , since c ≤ tfoc. This yields the following
Corollary 2.2. The cut-locus function of a mean-convex Alexandrov embedded surface in S3 is
uniformly bounded above by π2 .
2.4. Generalized cylinder coordinates. For a mean-convex Alexandrov embedded surface
f : M → S3, the inwardM -geodesics give us a parametrisation of the 3-manifold N with boundary
M = ∂N , which we call generalised cylinder coordinates:
(2.2) γf : {(p, t) ∈M × R | 0 ≤ t < cf(p)} → N .
These coordinates define a diffeomorphism onto the complement of the cut locus. The cut locus
is homeomorphic to the quotient space M/ ∼f with the following equivalence relation on M :
p ∼f q ⇐⇒ cf(p) = cf(q) and γf(p, cf(p)) = γf(q, cf(q))
⇐⇒ γf(p, cf(p)) = γf(q, cf(q)).
For each p ∈M we denote the corresponding equivalence class by
[p]f = {q ∈M | γf(p, cf(p)) = γf(q, cf(q))}.(2.3)
Proposition 2.3. Let f : M → S3 be a mean-convex Alexandrov embedding with constant mean
curvature and principal curvatures bounded by κmax > 0 and assume that the immersion is
conformally parabolic. Then the cut locus function is bounded from below by arctan(κ−1max).
Proof. For the hypersurface Mt = ∪p∈Mγ(p, t), the mean curvature
(2.4) H(t) = 12
(
cot
(
arctan(κ−11 )− t
)
+ cot
(
arctan(κ−12 )− t
))
is positive for all t ∈ (0, tfoc), and strictly increasing since
H ′(t) = 12
(
sin−2(arctan(κ−11 )− t) + sin−2(arctan(κ−12 )− t)
)
> 0 .
Let cf denote the cut locus function (2.1). If there exists a point p ∈ M for which cf(p) <
arctan(κ−1max) ≤ tfoc, then two inward M -geodesics γ(p, ·), γ(q, ·) through p, q ∈ M respectively,
have to intersect at a distance of cf(p) from M , and thus cf(p) = cf(q). Hence, if there exists a
point p ∈ M with cf(p) < arctan(κ−1max) then Mt intersects itself for a value of t < arctan(κ−1max)
over two points p, q ∈M . Let
c0 = inf{t |Mt intersects over two points of M}.
Since over all points p ∈ M the mean curvature of Mt is positive for all 0 < t < arctan(κ−1max)
with respect to the inner normals, the surfacesMt cannot intersect themselves with opposite sign
of the mean curvature vector over two points of M for 0 < t < arctan(κ−1max). This implies that
the cut locus function has no local minima less than arctan(κ−1max).
Now let (pk)k∈N be a sequence in M with
lim
k→∞
cf(pk) = c0 = inf {cf(p) | p ∈M} .
Then there exists a sequence Θk of isometries of S
3 which transform each point pk into a fixed
reference point p0 ∈ S3, and the tangent plane of M at pk into the tangent plane of a fixed
4 L. HAUSWIRTH, M. KILIAN, AND M. U. SCHMIDT
geodesic sphere S2p0 ⊂ S3 which contains p0. The immersion f is locally a normal graph over
balls in S2 of radius r > 0 depending only on κmax. Therefore this sequence of isometries
transforms neighbourhoods Uk of pk ∈ M into normal cmc graphs Θk[Uk] over B(p0, r) ⊂ S2p0 .
Due to Arzela`-Ascoli, and the a-priori gradient bound from Proposition 4.1 in [3], this bounded
sequence of normal cmc graphs over B(p0, r) ⊂ S2p0 has a convergent subsequence. By passing to a
subsequence we may achieve that these graphs converge to a normal cmc graph U over B(p0, r) ⊂
S
2
p0
, which is tangent to S2p0 at p0. For c0 < arctan(κ
−1
max) the sets [pk]f contain besides pk another
point qk for large k. Furthermore, the sequence of isometries Θk transforms the sequence of
geodesic 2-spheres tangent to M at qk into a converging sequence of spheres with limit S
2
q0
. This
sphere contains the limit q0 = limΘk(qk) with distance dist(p0, q0) ≤ 2c0. For large k the points
qk have neighbourhoods Vk such that Θk[Vk] are normal cmc graphs over B(q0, r) ⊂ S2q0 . By
passing again to a subsequence the normal cmc graphs Θk[Vk] converge to a normal cmc graph V
tangent to S2q0 at q0. The transformed inward M -geodesics nearby pk and qk converge to normal
geodesics of these two limiting cmc surfaces U and V in S3. Let Uc0 and Vc0 denote the surfaces
U and V shifted by c0 along these normal geodesics. If we shift both sequences Θk[Uk] and
Θk[Vk] by c0 along the transformed M -geodesics, they converge to Uc0 and Vc0 . Therefore these
surfaces Uc0 and Vc0 touch each other at a first point of contact with opposite sign of the mean
curvature at the limit of the transformed cut points limΘk(γf(pk, c(pk))) = limΘk(γf(qk, c(qk))),
contradicting Hopf’s maximum principle. Hence the shifted surfaces cannot have positive mean
curvature with respect to the inner normal and this implies c0 = 0 and H = 0. This however
contradicts the maximum principle at infinity [5, Theorem 7] as follows: The generalised cylinder
coordinates (2.2) define an immersion from the 3-manifold (x, t) ∈ M × [0, arctan(κ−1max)] with
boundary components M × {0} and M × {arctan(κ−1max)}. Each surface M × {t} has uniform
bounded curvature, parabolic conformal type and are mean-convex with mean curvature H > 0
pointing away from the minimal surface M × {0}. If we assume the infimum c > 0 of the cut
locus function smaller than arctan(κ−1max), some pieces of M ×{c} sit inside this 3-manifold with
possible boundaries in the second boundary component M ×{arctan(κ−1max)}. All assumptions of
[5, Theorem 7] are fulfilled, and these pieces contradict the maximum principle since the mean
curvature vector points into M × {0}, giving the contradiction. 
3. Chord-arc bound
Let f : M → S3 be a mean-convex Alexandrov embedding with cut locus function cf(p) (2.1)
bounded from below by c > 0. The generalized cylinder coordinates (2.2) define a diffeomorphism
γf of M × [0, c) onto an open subset of N , which is a collar. Due to Lemma 2.1 for all p ∈M the
first focal point γ(p, tfoc) has distance tfoc = arctan
(
(max{κ1, κ2})−1
) ≥ cf(p) ≥ c to M . Hence
both principal curvatures are uniformly bounded by κmax = cot(c). Consequently, due to the
formula (2.4), the distances to the first focal points on the outward M -geodesics are not smaller
than the distances to the first focal points on the inward M -geodesic which are at least c. Hence
the normal variation defines an immersion of M × (−c, c) into S3. In particular, the induced
metric makes M × [− c2 , c) into a Riemannian manifold with constant sectional curvature equal
to one and with boundaryM ×{− c2}. For all elements of this manifold the cylinder coordinates,
that is the distances to M ≃ M × {0} and the nearest point in M are uniquely defined. Hence
we can glue M × [− c2 , c) along γf(M × [0, c)) to N , and obtain a larger complete 3-manifold
N̂ ⊃ N with boundary ∂N̂ = M × {− c2}. The generalised cylinder coordinates (2.2) extend to
an embedding γˆf : M × [− c2 , c) →֒ N̂ and f extends to an immersion fˆ : N̂ → S3.
Let distM , distN and distN̂ denote the distance functions of the complete Riemannian manifolds
M ⊂ N ⊂ N̂ . For p, q ∈M we have the obvious inequalities
dist
N̂
(p, q) ≤ distN (p, q) ≤ distM (p, q) .
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Therefore the following Proposition implies the chord-arc bound
(3.1) distN (p, q) ≤ distM (p, q) ≤ C0 distN̂ (p, q) ≤ C0 distN (p, q) for all p, q ∈M.
Proposition 3.1. Let f : M → S3 be a mean-convex Alexandrov embedding with second funda-
mental form h with respect to the inner normal N. If c > 0 is a lower bound on the cut locus
function cf ≥ c > 0 (2.1) and C a bound on the covariant derivative of h:
|(∇Xh)(Y,Z)| ≤ C · |X| · |Y | · |Z| for all p ∈M and X,Y,Z ∈ TpM,
then there exists a constant C0 > 0 depending only on c and C such that
(3.2) dist
N̂
(p, q) ≤ distM (p, q) ≤ C0 distN̂ (p, q) for all p, q ∈M.
Proof. For all p, q ∈ M we have dist
N̂
(p, q) ≤ distM (p, q). We prove the reverse inequality by
constructing a path from p to q in M of length at most C0 distN̂ (p, q). Due to (Rinow [8], pages
172 and 141) the points p and q are joined by a shortest path in N̂ . If this shortest path passes
through M ⊂ N̂ , then we may divide the shortest into several segments and prove (3.2) for each
segment separately. We distinguish between the following cases:
(A) The shortest path stays inside {γˆf(p, t) | (p, t) ∈M × [− c2 , c2 ]}.
(B) The shortest path stays inside N with maximal distance > c2 to M .
In case (A) the first entries of the cylinder coordinates of the shortest path yields a path in M
from p to q. We estimate the length of the derivative dγˆf(p, t)(p
′, t′) of the generalised cylinder
coordinates at (p, t) ∈M × [− c2 , c2 ] in direction of (p′, t′) ∈ T(p,t)M × (−c, c) from below. For this
purpose we decompose this derivative in components parallel and orthogonal to the M -geodesic.
The length of component orthogonal to the M -geodesic is a lower bound of the length of the
derivative and does not depend on t′. The vector field on S2 of rotations around the z-axis has
length proportional to sin of the geodesic distance to the poles. Therefore on a geodesic sphere
of radius c = arccot(κmax) the length of the orthogonal component is equal to
|dγˆf(p, t)(p′, 0)| = sin(c−t)sin(c) |p′| = (cos(t)− cot(c) sin(t))|p′| = (cos(t)− κmax sin(t))|p′|.
If both principal curvatures are smaller than κmax, then the orthogonal component is longer.
Therefore for t ≤ c2 < π2 we obtain the lower bound
|dγˆf(p, t)(p′, t′)| ≥
(
cos( c2)− cot(c) sin( c2)
) |p′| = 1
2 cos( c2)
|p′| ≥ 12 |p′|.
The integral of this inequality along the shortest path yields for all such pairs (p, q) in case (A)
distM (p, q) ≤ 2 distN̂ (p, q).(3.3)
This includes all (p, q) with dist
N̂
(p, q) < c.
In case (B) the shortest path is a geodesic of N with only two boundary points at both ends.
Claim. Suppose p, q ∈M are connected in N by a geodesic of length ≥ π. Then
distN (p, q˜) < π and distN (p, q) = distN (p, q˜) + distN (q˜, q) for some q˜ ∈M.
To prove this claim, note that all geodesics γ in N starting at p ∈ M which do not meet M
in distances d ∈ (0, π), meet each other at the antipode of p. The tangent space TpN contains
a unique half space of initial directions of geodesics starting at p ∈ M . If the pre-image of
B(p, π) ⊂ N with respect to expp contains the intersection of B(0, π) ⊂ TpN with this half
space, then due to Hopf’s maximum principle (see e.g. [2]), B(p, π) ⊂M is a geodesic sphere in
S
3 and the claim is obvious. Otherwise there starts at p a geodesic which touches M for some
t ∈ (0, π), and the claim follows in this case. This proves the claim.
In the sequel we consider points p, q ∈ M connected by a geodesic in N with distN (p, q) < π.
Along any geodesic in N̂ , which starts at some point p ∈M the distance to M is bounded by the
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geodesic distance to p. Therefore such geodesics exist in N̂ at least up to distances not larger
than c2 from the initial point p ∈ M . This shows that in N̂ the absolute value of the second
coordinate of γˆf is the distance to M . Let (p, q) be any pair of points in M , which are connected
in N̂ by a geodesic. Let χp, χq ∈ [0, π2 ] denote the angles in TpN and TqN between the geodesic
γ connecting p and q and the normal to M , respectively. For ǫ > 0 to be specified in Lemma 3.2
we further distinguish between the following two sub cases of case (B):
(B1) (sin2(χp) + sin
2(χq))
1
2 ≤ ǫ and (B2) (sin2(χp) + sin2(χq))
1
2 > ǫ.
In case (B1) we shall consider smooth families of geodesics γ connecting two smooth paths
s 7→ p(s) and s 7→ q(s) in M parameterised by a real parameter s. For fixed s the geodesic is
parameterised by the real parameter t. The derivatives with respect to s are denoted by prime
and the derivatives with respect to t by dot. For example p′ ∈ Tp(s)M and q′ ∈ Tq(s)M denotes
the tangent vectors along the paths s 7→ p(s) and s 7→ q(s). The geodesic γ extends in S3 to a
closed geodesic. For any (p′, q′) ∈ TpM × TqM there exists a Killing field ϑ on S3, which moves
the closed geodesic γ in such a way, that the intersection points at p and q moves along p′ and
q′, respectively. Conversely, all Killing fields ϑ generate a one-dimensional group of isometries
of S3. Let s 7→ γϑ(s, ·) denote the corresponding family of geodesics and s 7→ (p(s), q(s)) the
corresponding intersection points with M . To proceed, we need the following Lemma, whose
proof we defer to the appendix.
Lemma 3.2. There exist ǫ, δ > 0 and 0 < s0 < min{ c2 , 23} depending only on c and C with the
following property: Let p = p(0), q = q(0) ∈ M be connected by a geodesic in N obeying (B1).
Then there exists a non-trivial Killing field ϑ, such that d : s 7→ d(s) = distS3(p(s), q(s)) obeys
d′(s) ≤ 0, d′′(s) ≤ −δ cos
(
d(s)
2
)
, |p′(s)|+ |q′(s)| ≤ 3 cos
(
d(s)
2
)
for all s ∈ [0, s0],(3.4)
with s0 > 0 small enough such that |d(s0)− d(0)| ≤ c2 .
Continuation of the proof of Proposition 3.1. For pairs (p, q) connected in N by a geodesic
obeying (B1) there exists by Lemma 3.2 a Killing field ϑ and two paths s 7→ p(s) and s 7→ q(s)
along which the length d is reduced for 0 ≤ s ≤ s0. We consider the function f(s) = cos(d(s)2 )
and its derivative f ′(s) = −d′(s)2 sin(d(s)2 ) with the inequality
−d′(s) ≤ |p′(s)|+ |q′(s)| ≤ 3 cos(d(s)2 ) ≤ 3 cos(d(s0)2 )
to derive cos(d(0)2 ) ≥ (1− 32s0) cos(d(s0)2 ). Twice integration of (3.4) implies the following inequal-
ity together with the separate inequalities for the numerator and the denominator:
d(0) − d(s0)
distM (p(s0), p(0)) + distM (q(s0), q(0))
≥
δ
s2
0
2 cos
(
d(0)
2
)
3s0 cos
(
d(s0)
2
) ≥ δ s0
6
(
1− 32s0
)
.(3.5)
The constant s0 is chosen so small such that the geodesic connecting p(s) and q(s) stays inside
N̂ . We divide the geodesic from p(s0) to q(s0) in N̂ into segments outside of N and inside of
N . In this way an application of Lemma 3.2 transforms the geodesic from p to q obeying (B1)
into two paths s 7→ p(s) from p(0) = p to p(s0) and s 7→ q(s) from q(0) = q to q(s0) in M and
several geodesic segments in N̂ from p(s0) to q(s0) belonging either to case (A), case (B1) or
case (B2). Due to (3.5) the sum of the lengths of the paths in M times δ s06 (1 − 32s0) plus the
lengths of the geodesic segments is smaller than the length of the original geodesic.
In case (B2) we apply the gradient flow of dist
N̂
. As long as p 6= q are connected in N̂ by a
geodesic, the function dist
N̂
is smooth. The Riemannian metric onM×M identifies the negative
of the gradient of dist
N̂
(p, q) with a unique vector field (p′, q′). We follow this flow as long as
(sin2(χp) + sin
2(χq))
1
2 > ǫ holds and the geodesic connecting p and q stays inside N̂ . Along the
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corresponding integral curves s 7→ (p(s), q(s)) we have |p′| = sin(χp) and |q′| = sin(χq). Using
the Cauchy-Schwarz inequality, dist
N̂
(p(s), q(s)) decreases with derivative
− d
ds
dist
N̂
(p(s), q(s)) = sin(χp)|p′(s)|+ sin(χq)|q′(s)| ≥ ǫ√
2
(|p′(s)|+ |q′(s)|).(3.6)
For such (p, q) the vector field (p′, q′) is smooth with length bounded from above and below. For
finite s = s0 either the geodesic shrinks to point and p becomes equal to q, or we reach a pair
(p, q) connected by a geodesic in N̂ such that either the geodesic touches the boundary of N̂ or
(sin2(χp) + sin
2(χq))
1
2 ≤ ǫ holds. We integrate (3.6) to
distM (p(s0), p(0)) + distM (q(s0), q(0)) ≤
√
2
ǫ
(
dist
N̂
(p(0), q(0)) − dist
N̂
(p(s0), q(s0))
)
.(3.7)
Again we decompose the final geodesic in geodesic segments belonging either to case (A),
case (B1) or case (B2). To sum up the application of the gradient flow transforms the geo-
desic from p to q obeying (B2) into two paths s 7→ p(s) from p(0) = p to p(s0) and s 7→ q(s)
from q(0) = q to q(s0) in M and several geodesic segments in N̂ from p(s0) to q(s0) belonging
either to case (A), case (B1) or case (B2). Due to (3.7) the sum of the lengths of paths in
M times ǫ√
2
plus the lengths of the geodesic segments is smaller than the length of the original
geodesic.
We iterate the applications of (3.3) to pairs (p, q) of case (A), the applications of Lemma 3.2
with (3.5) to pairs (p, q) of case (B1) and the applications of the gradient flow with (3.7) to
pairs of case (B2). Any application of Lemma 3.2 reduces the length dist
N̂
(p, q) by a number
≥ 12δs20 cos(d2), where 0 < d < π denotes the length of the original geodesic. Any application of
the gradient flow which ends at a pair obeying (B1) results in an application of Lemma 3.2. All
other applications of the gradient flow reduces dist
N̂
(p, q) by a number ≥ ǫc
2
√
2
. Therefore finitely
many applications of Lemma 3.2 and the gradient flow transform the geodesic connecting p and
q into finitely many paths in M , which connect p with q and whose total length is bounded by
C0 distN (p, q) with C0 = max{2, 12δ(2s0−3s20) ,
√
2
ǫ
}. 
We remark that this proof also shows the equivalence of (3.1) and (3.2) with C0 ≥ 2 for mean-
convex Alexandrov embeddings f :M → S3 with lower bound c on the cut locus function.
4. Collar perturbation
In this section we localize the concept of a mean-convex Alexandrov embedding. We consider in
the following open subsets V of M and open bounded 3-dimensional manifoldsW with boundary
V . More precisely, we denote by ∂W = V the boundary as defined within the concept of manifolds
with boundary. It is in general a subset of the topological boundary.
Definition 4.1. We call the restriction f|V of f : M → S3 to an open subset V ⊂ M a local
mean-convex Alexandrov embedding if f|V extends as an immersion to an open 3-manifold W
with V = ∂W such that the following hold:
(i) The mean curvature of V in S3 with respect to the inward normal is non-negative everywhere.
(ii) All inward V -geodesics exist in W until they reach the cut locus (2.1) (for t ≤ π2 ).
(iii) W = {γf(p, t) | p ∈ V and 0 < t ≤ cf(p)}.
If f :M → S3 is a mean-convex Alexandrov embedding which satisfies the chord-arc bound (3.3),
then all open subsets V ⊂ M such that for all p ∈ V the classes [p]f ⊂ V are examples of local
mean-convex Alexandrov embeddings. To see that we only have to show that
W = {γf(p, t) ∈ N | p ∈ V and 0 < t ≤ cf(p)}
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is open in N . Since V is open, W is open at all points away from the cut locus. Consider a cut
point cf(p) and a sequence of (qn) ∈ N converging to cf(p). We prove that (qn) ∈ W for n large
enough. Let qn = γf(pn, t) ∈ N with pn ∈ M . By the chord-arc bound the set [p]f is bounded
in M , and there is a subsequence of pn converging to an element of [p]f ⊂ V . This proves that
pn ∈ V for n large enough and qn ∈ W . Hence W is an open neighborhood around cut points.
Since W is an open subset of N with V = ∂W , f|V extends naturally as an immersion to W by
restriction of the extension of f to W .
We shall prove that ‘mean-convex Alexandrov embeddedness’ is an open condition, which will
allow us to study deformation families of mean-convex Alexandrov embeddings. The main tool
is a general perturbation technique of Alexandrov embeddings, which we call collar perturbation.
We consider local perturbations f˜ of a given smooth immersion f : M → S3, which are ‘small’
with respect to the C1-topology on the space of immersions from M into S3.
Lemma 4.2. For given c > 0 and C > 0 there exist ǫ > 0 and R > 0 with the following
property: Let f : M → S3 be a mean-convex Alexandrov embedding with cut locus function cf
(2.1) bounded from below by c and second fundamental form obeying (1.2), and let f˜ : M → S3
be an immersion with non-negative mean curvature and principal curvatures bounded by κmax =
cot(c). Furthermore, let p ∈M be some point and let both immersions f and f˜ obbey on the ball
B(p, 2R) ⊂M with respect to the metric induced by f˜ the following estimate:
(4.1) ‖ f − f˜ ‖C1(B(p,2R)) < ǫ
Then the restriction f˜|V of f˜ to an open neighbourhood V ⊂M of p extends to a local mean-convex
Alexandrov embedding with V = ∂W .
Proof. In the following discussion we use the construction in section 3 of a larger complete 3-
manifold N̂ ⊃ N with boundary, such that the generalised cylinder coordinates (2.2) extend to
an embedding γˆf : M × [− c2 , c) →֒ N̂ and the immersion f : N → S3 extends to an immersion
fˆ : N̂ → S3. The restriction f˜|B(p,R) to B(p,R) of an immersion f˜ satisfying (4.1) defines a
submanifold O ⊂ N̂ . We identify f˜|B(p,R) with the immersion fˆ|O. The immersions f and f˜
induce on M two Riemannian metrics whose distance functions are denoted by distM and distM˜ ,
respectively. Again dist
N̂
denotes the distance function of the complete Riemannian manifold
N̂ . We claim that the following estimate holds for some C1 > 0:
distM˜ (q, q
′) ≤ C1 distN̂ (q, q′) for all q, q′ ∈ O.(4.2)
The bound (4.1) implies that for q, q′ ∈ O the corresponding points of the immersion f are
contained in B(q, ǫ) ∩M and B(q′, ǫ) ∩M . Moreover, the two Riemannian metrics induced by f
and f˜ on B(p, 2R) are uniformly bounded in terms of each other. The shortes path with respect
to the latter Riemannian metric which connects p, q ∈ B(p,R) is contained in B(p, 2R). We
conclude distM˜ (p, q) ≤ C2 distM (p, q) with C2 > 0 depending on ǫ. Proposition 3.1 implies
distM˜ (q, q
′) ≤ C2C0(distN̂ (q, q′) + 2ǫ).
This implies (4.2) for dist
N̂
(q, q′) ≥ 2ǫ with C1 = 2C2C0.
Let D(q, r) be a totally geodesic disc in N̂ of radius r > 0 tangent to O at the center q. The
curvature of f˜ is uniformly bounded. For sufficently small r the corresponding surface is locally in
N̂ a bounded exponential normal graph over D(q, r). The gradient of the corresponding function
is at q′ ∈ D(q, r) bounded by C3 distD(q,r)(q, q′) with C3 > 0. For sufficiently small ǫ > 0 all
q′ ∈ O with dist
N̂
(q, q′) < 2ǫ belong to this graph and obey due to the gradient bound
distM˜ (q, q
′) ≤ 2 dist
N̂
(q, q′) for all q, q′ ∈ O with dist
N̂
(q, q′) < 2ǫ.
Therefore (4.2) holds with C1 > 0 and ǫ > 0 depending only on c and C.
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Since the principal curvatures of f˜ are bounded by κmax the inward O-geodesics are definded in
N̂ up to distances c2 and define an immersion γf˜ : O × [0, c2) →֒ N̂ . We define
U = {γf˜(q, t) | q ∈ O and 0 ≤ t < c2} ∪ {γf(q, t) | q ∈M and ǫ < t ≤ cf(q)}.
We choose ǫ
c
small enough such that U contains the subset {γf˜(q, c2) | q ∈ O} of the closure of the
first set in this union. Let distU denote the distance function of this non-complete Riemannian
manifold U with boundary O. Since U is a submanifold of N̂ we have dist
N̂
(p, q) ≤ distU (p, q)
for p, q ∈ U , and (4.2) implies the chord-arc bound
distM˜ (q, q
′) ≤ C1 distN̂ (q, q′) ≤ C1 distU (q, q′) for all q, q′ ∈ O.(4.3)
All cut locus functions of mean-convex Alexandrov embeddings are uniformly bounded from
above by π2 , since otherwise a sphere with negative principal curvatures would touch M inside
of N contradicting Hopf’s maximum principle. If the inward O geodesics of p, q ∈ O intersect
at distances not larger than π2 , then distM˜ (p, q) ≤ C1π. LetR = 3C1(π + ǫ). For r ≤ R we
define O(r) ⊂ O as the subset such that fˆ|O(r) is identified with the restriction f˜|B(p,r) to the ball
B(p, r) ⊂M with respect to distM˜ . For q ∈ O(R3 ) we have{
q′ ∈ O | ∃t ∈ [0, π2 ] with distU(γf˜(q, t), q′) ≤ t
} ⊂ {q′ ∈ O | distU (q, q′) ≤ π} ⊂ O(23R) .
Therefore, for all q ∈ O(R3 ) the cut locus function cf˜ is well defined. For all such q ∈ O(R3 ), let
[q]˜f denote the set
[q]˜f =
{
q′ ∈ O | distU
(
γf˜(q, cf˜(q)), q
′) = cf˜(q)} .
For any closed subset A ⊂ O the set {q ∈ O(R3 ) | [q]˜f ∩A 6= ∅} is a closed subset of O(R3 ). Hence
V = {q ∈ O(R3 ) | [q]˜f ⊂ O(R3 )} is an open subset of O which contains p by the choice of R.
Furthermore W = {γf˜(q, t) | q ∈ V and 0 ≤ t ≤ cf˜(q)} is a subset of N̂ with boundary V . By
construction fˆ|V is a local mean-convex Alexandrov embedding with [q]˜f ⊂ V . 
5. From local to global mean-convex Alexandrov embeddings
In this section we consider an immersion f˜ : M → S3 which is covered by a family of local mean-
convex Alexandrov embedded neighborhoods f˜p : Vp → S3 of p ∈ M . We explain how to extend
f˜ : M → S3 to the 3-manifold N˜ = ∪p∈MWp, with ∂N˜ = M . The set of local immersions f˜p are
constructed by local collar perturbations.
Proposition 5.1. For given c > 0 and C > 0 there exist ǫ > 0 and R > 0 with the following
property: Let f˜ : M → S3 be an immersion with non-negative mean curvature and principal
curvatures bounded by κmax = cot(c) such that for all p ∈M there exists a mean-convex Alexan-
drov embedding fp : M → S3 with cut locus function (2.1) bounded from below by c and second
fundamental form obeying (1.2). If fp and f˜ obey for all p ∈ M (4.1) on the ball B(p, 2R) with
respect to the metric induced by f˜, then f˜ extends to a mean-convex Alexandrov embedding.
Proof. Let C1 denote the same constant as in Lemma 4.2. We apply Lemma 4.2 to all p ∈ M
with the same R = 3C1(π+ ǫ) and decorate the corresponding objects with an index p. The balls
B(p,R) are embedded as Riemannian submanifolds Op →֒ N̂p. We obtain a covering of M by
open subsets Vp = {q ∈ Op(R3 ) | [q]˜f ⊂ Op(R3 )} of the balls Op(R3 ) = B(p, R3 ) with respect to the
metric induced by f˜. Finally, the restrictions f˜|Vp of f˜ to the members Vp of this covering extend
to local mean-convex Alexandrov embeddings f˜p :Wp → S3 with open subsets Wp ⊂ Up.
We shall glue the manifolds (Wp)p∈M to obtain a 3-manifold N˜ with boundaryM . In order to glue
Wp with Wq for distM (p, q) > ǫ we choose finitely many intermediate points p = p0, . . . , pL = q
with distances distM (pl−1, pl) < ǫ for l = 1, . . . L. Therefore it suffices to consider p, q ∈ M
with distM (p, q) < ǫ. The intersection Opq(
R
3 ) = Op(
R
3 ) ∩ Oq(R3 ) is a connected subset of the
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Riemannian manifold M with the metric induced by f˜. The immersions f˜p and f˜q define on
Up ⊂ N̂p and Uq ⊂ Nˆq chord-arc distance distUp(p′, q′) and distUq(p′, q′). Now define R(t) =
C1(3(π + ǫ)− t), and set O¯pq(R(t)) = O¯p(R(t)) ∩ O¯q(R(t)) as the intersection of the closures of
the related shrunk open sets. Note that O¯pq(R(t)) ⊂ Op ∩Oq for t > 0. Denote
Ap(t) = {(p′, q′) ∈ O¯pq(R(t))× O¯pq(R(t)) | distUp(p′, q′) = distS3(f˜(p′), f˜ (q′)) = t} ,
Aq(t) = {(p′, q′) ∈ O¯pq(R(t))× O¯pq(R(t)) | distUq(p′, q′) = distS3(f˜(p′), f˜(q′)) = t} .
If (p′, q′) ∈ Ap(t) then p′ and q′ are connected by a geodesic segment lying in Up which is mapped
by f˜p to the unique shortest geodesic in S
3 from f˜(p′) to f˜(q′). By Lemma 4.2 the points in Op
obey in Up a chord-arc bound (4.3). If the geodesic segment in Up from p
′ to q′ meets a point
p′′ ∈M , then distUp(p′′, q′) = distUp(p′, q′)− distUp(p′, p′′), and (4.3) implies
distM˜ (p, p
′′) ≤ distM˜ (p, q′) + distM˜ (q′, p′′)
≤ R(distUp(p′, q′)) + C1(distUp(p′, q′)− distUp(p′, p′′)) = R(distUp(p′, p′′))
distM˜ (q, p
′′) ≤ distM˜ (q, p′) + distM˜ (p′, p′′)
≤ R(distUp(p′, q′)) + C1(distUp(p′, q′)− distUp(p′, p′′)) = R(distUp(p′, p′′)).
With distUp(p
′, p′′) = distS3(f˜(p′), f˜(p′′)) and with interchanged p′ and q′ these arguments show
(p′, p′′) ∈ Ap(distUp(p′, p′′)) and (p′′, q′) ∈ Ap(distUp(p′′, q′)).(5.1)
Claim. Ap(t) = Aq(t) for all t ∈ [0, π].
We shall prove this claim later, and first show that it implies that cf˜p and cf˜q coincide on Vp∩Vq.
Let us assume on the contrary cf˜p(p
′) < cf˜q (p
′) for p′ ∈ Vp ∩ Vq. The domain Up contains a ball
of radius cf˜p(p
′) centered at γf˜p(p
′, cf˜p(p
′)) (analogously with Uq and cf˜q(p
′)).
Then there exists p′ 6= q′ ∈ [p′ ]˜fp ⊂ Op(R3 ) ∩Oq(2R3 ). Then p′ and q′ are connected by a segment
of a geodesic in Up, which meets the boundary only at the end points p
′ and q′ by strict convexity
of a geodesic ball centered at the cut point. Therefore there does not exists a point p′′ ∈ Op with
distUp(p
′, q′) = distUp(p′, p′′) + distUp(p′′, q′). Due to the claim there does not exist p′′ ∈ Oq(2R3 )
with distUq(p
′, q′) = distUq(p′, p′′) + distUq(p′′, q′). Therefore the shortest path in Uq connecting
p′ and q′ is also a segment of a geodesic, which meets the boundary only at the end point p′ and
q′. Furthermore, both immersions fˆp and fˆq map these segments onto the same geodesic in S3
connecting f˜(p′) and f˜(q′). Since p′ and q′ both belong to [p′ ]˜fp there exists a unique geodesic
2-sphere in S3, which intersects the image of f˜ orthogonally at f˜(p′) and at f˜(q′). The pre-image
with respect to fˆq of this 2-sphere in Uq intersects Oq orthogonally at p
′ and q′, and contains
a segment of a geodesic connecting p′ and q′. This segment of a geodesic is in Uq, because it
is contained in a geodesic ball of larger radius and centered at the cut point of p′ in Uq. This
implies that the inward Oq-geodesics at p
′ and q′ also is contained in the larger geodesic ball of
Uq and they meet each other at distance cf˜p(p
′) = cf˜q(q
′) in contradiction to cf˜p(p
′) < cf˜q(p
′).
Interchanging p and q we get the other inequality, and thus both cut locus functions coincide:
cf˜p(p
′) = cf˜q (p
′) for all p′ ∈ Vp ∩ Vq.(5.2)
We claim that the open set Vp ∩ Vq extends in two different but isometric extensions Zp ⊂ Wp
and Zq ⊂Wq as local mean-convex Alexandrov embeddings with
Zp = {γf˜p(p′, t) ∈Wp | p′ ∈ Vp ∩ Vq and 0 < t ≤ cf˜p(p′)} ,
Zq = {γf˜q (q′, t) ∈Wq | q′ ∈ Vp ∩ Vq and 0 < t ≤ cf˜q (q′)} .
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We identify Zp with Zq by a bijection ψ : Zp → Zq with trivial restriction ψ|Vp∩Vq to Vp∩Vq such
that f˜p|Zp = f˜q|Zq ◦ψ. By definition of the generalised cylinder coordinates (2.2) this is equivalent
to
ψ ◦ γf˜p(p′, t) = γf˜q(p′, t) for all p′ ∈ Vp ∩ Vq.(5.3)
Due to (5.2) condition (5.3) uniquely defines ψ. Indeed (5.2) implies that for p′ ∈ Vp ∩ Vq
the equivalence classes [p′ ]˜fp and [p
′ ]˜fq (2.3) of the local mean-convex Alexandrov embeddings
f˜p :Wp → S3 and f˜q :Wq → S3 coincide. Hence ψ is well defined.
Since f˜p and f˜q induce the Riemannian metrics of Zp and Zq any ψ obeying (5.3) is distance
preserving. By a theorem of Myers-Steenrod [6] (see also [7], Theorem 18, p. 147) such distance
preserving bijections bewteen Riemannian manifolds are diffeomorphisms.
The union of mean-convex Alexandrov embeddings extend to a manifold N˜ . It remains to show
that N˜ is complete with respect to the Riemannian metric induced by f˜. By construction, every
point of the Riemannian manifold N˜ with the metric induced by f˜ is the center of an ǫ-ball
contained in one of the complete manifolds N̂p. Therefore N˜ is complete.
Proof of the Claim. We consider the set B of all t0 ∈ [0, π] such that Ap(t) = Aq(t) holds for all
t ∈ [0, t0]. We prove that B is both closed and open in [0, π], and thus B = [0, π]. Due to the
lower bound c of the cut locus function, B contains the set [0, c− ǫ).
Set t0 = supB, and suppose (p
′, q′) ∈ Ap(t0). We need to consider two cases. In the first case
we assume that the unique geodesic in Up from p
′ to q′ goes through a point p′′ ∈ Op \ {p′, q′}.
As in (5.1) this implies for t = distUp(p
′, p′′) < t0 and t′ = distUp(p′′, q′) < t0
(p′, p′′) ∈ Ap(t) = Aq(t) and (p′′, q′) ∈ Ap(t′) = Aq(t′).
Both geodesics in Uq which connect p
′ to p′′, and p′′ to q′, are mapped by f˜q onto the unique
geodesic in S3 connecting f˜(p′) to f˜(q′). This implies that p′ and q′ are connected in Uq by a
smooth geodesic, and hence (p′, q′) ∈ Aq(t0). This proves Ap(t0) ⊂ Aq(t0), and analogously also
the other inclusion, and therefore Ap(t0) = Aq(t0).
For the second case we may assume that there is no point p′′ ∈ Op \{p′, q′} on the geodesic in Up
from p′ to q′. The mean-convexity of the surface implies that (p′, q′) is not a local minimum of
the function distUp on Op ×Op (see Lemma 3.2). Then there exists a sequence of (pn, qn) which
converges to (p′, q′) such that distUp(pn, qn) < t0. The continuity of distUp and distUq imply that
distUq(p
′, q′) = lim
n→∞distUq(pn, qn) = limn→∞distUp(pn, qn) = distUp(p
′, q′) .
Hence (p′, q′) ∈ Aq(t0), and thus Ap(t0) ⊂ Aq(t0). The other inclusion is obtained by switching
the roles of p and q. Therefore Ap(t0) = Aq(t0) in both cases, which shows t0 ∈ B, and proves
that B is closed.
We now show that B is open. If the maximum t0 is smaller than π, then there exists a sequence
tn ∈ (t0, π] which converges to t0 such that Ap(tn) 6= Aq(tn). By passing to a subsequence we
may assume without loss of generality that there exists (pn, qn) ∈ Ap(tn) but (pn, qn) /∈ Aq(tn). A
subsequence of (pn, qn) converges to (p
′, q′) ∈ Ap(t0) = Aq(t0). Therefore p′ and q′ are connected
by smooth geodesic segments in both Up and Uq. Both of these geodesic segments are mapped
by f˜p and f˜q to the unique shortest geodesic in S
3 from f˜(p′) to f˜(q′). Furthermore, both these
geodesic segments meet the boundaries Op and Oq in the same points. The balls of radii c − ǫ
around each of such boundary points in Up and Uq are isometric. In the complement of these
balls both geodesic segments have positive distances to the boundaries Op and Oq. Hence two
tubular neighbourhoods of these geodesic segments in Up and Uq are also isometric.
For large n the geodesic segments in Up connecting pn with qn belong to the tubular neighbour-
hood in Up. They are isometric to geodesic segments in Uq connecting pn with qn. This implies
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(pn, qn) ∈ Aq(tn) for large n. This contradicts the assumption that t0 < π. Hence we have that
B = [0, π], and the claim is proven. 
6. Appendix - Proof of Lemma 3.2
Proof. We shall construct a Killing field ϑ with the desired properties, which rotates γ around two
antipodes of γ. The corresponding rotated geodesics γϑ(s, ·) belong to a unique great 2-sphere
S
2 ⊂ S3. The corresponding paths s 7→ p(s) and s 7→ q(s) move along the intersection of this
2-sphere S2 with M . Hence we can calculate all derivatives on this sphere.
We parameterise this 2-sphere by the real parameter s of the family s 7→ γϑ(s, ·) of rotated
geodesics, and the real arc length parameter t of these geodesics. We choose the equator as the
points corresponding to t = 0 with distance π2 to the rotation axis. Let tp and tq denote the
values of this parameter t at the points p(s) and q(s). Hence distN (p, q) = |tp − tq|. The vector
fields ϑ and the geodesic vector field γ˙ along the geodesics γϑ(s, ·) form an orthogonal basis of
the tangent spaces of this 2-sphere away from the zeroes of ϑ. The vector fields ϑ and γ˙ have at
(s, t) the scalar products
g(ϑ, ϑ) = cos2(t) , g(ϑ, γ˙) = 0 , g(γ˙, γ˙) = 1 .
Since γ˙ is a geodesic vector field the derivative ∇γ˙ γ˙ vanishes. Moreover, the geodesic curvature
in S2 of the integral curve of ϑ starting at (s, t) is equal to tan(t). Therefore at (s, t) we have
∇ϑϑ = cos2(t) tan(t)γ˙ = cos(t) sin(t)γ˙ , ∇ϑγ˙ = − tan(t)ϑ ,
∇γ˙ϑ = − tan(t)ϑ , ∇γ˙ γ˙ = 0 .
We parameterise a neighbourhood of the geodesic from p to q in such a way that the corresponding
vector field γ˙ points inward to N at p and outward of N at q, respectively. The derivatives of
s 7→ p(s) and s 7→ q(s) are equal to
p′ = ϑ(p)− γ˙(p)g(N(p), ϑ(p))
g(N(p), γ˙(p))
and q′ = ϑ(q)− γ˙(q)g(N(q), ϑ(q))
g(N(q), γ˙(q))
.
The lengths |p′| and |q′| depend on the angles ∢(N(p), ϑ(p)) and ∢(N(q), ϑ(q)). Since ϑ is or-
thogonal to γ˙ and ∢(N(p), γ˙(p)) = χp and ∢(N(q), γ˙(q)) = χq these angles obey ∢(N(p), ϑ(p)) ∈
[π2 − χp, π2 + χp] and ∢(N(q), ϑ(q)) ∈ [π2 − χq, π2 + χq]. Then we have
|p′| ≤ | cos(tp)|
cos(χp)
|q′| ≤ | cos(tq)|
cos(χq)
.(6.1)
d′ =
g(N(p), ϑ(p))
g(N(p), γ˙(p))
− g(N(q), ϑ(q))
g(N(q), γ˙(q))
=
g(N(p), ϑ(p))
cos(χp)
− g(N(q), ϑ(q))
cos(χq)
.
Along the paths p and q with X = p′ and X = q′, respectively, we have at (s, t)
∇X g(N, ϑ)
g(N, γ˙)
=
g(∇XN, ϑ) + g(N, ∇Xϑ)
g(N, γ˙)
− g(N, ϑ)(g(∇XN, γ˙) + g(N, ∇X γ˙))
(g(N, γ˙))2
=
g(∇XN,X) + g(N,∇Xϑ)
g(N, γ˙)
− g(N, ϑ)g(N,∇X γ˙)
g(N, γ˙)2
= −h(X, X)
g(N, γ˙)
+ cos(t) sin(t) + 2 tan(t)
(
g(N, ϑ)
g(N, γ˙)
)2
.
Hence the second derivative is equal to
d′′ = −h(p
′, p′)
cos(χp)
− h(q
′, q′)
cos(χq)
+
sin(2tp)− sin(2tq)
2
+ 2 tan(tp)
(
g(N(p), ϑ(p))
g(N(p), γ˙(p))
)2
− 2 tan(tq)
(
g(N(q), ϑ(q))
g(N(q), γ˙(q))
)2
.
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If along the rotation of the geodesic for s ∈ [0, s0] the following inequalities are satisfied
−π2 ≤ tp ≤ 0, 0 ≤ tq ≤ π2 , c2 ≤ d = tq − tp, and (sin2(χp) + sin2(χq))
1
2 ≤ 12 ,(6.2)
then min{cos(χp), cos(χq)} ≥
√
3
2 implies the third inequality of (3.4):
|p′|+ |q′| ≤ cos(tp)
cos(χp)
+
cos(tp)
cos(χp)
≤ 2√
3
(cos(tp) + cos(tq)) =
4√
3
cos
(
d
2
)
cos
(
tp+tq
2
)
≤ 3 cos(d2).
Furthermore, the last two terms of d′′ are bounded by∣∣∣∣∣tan(tp)
(
g(N(p), ϑ(p))
g(N(p), γ˙(p))
)2∣∣∣∣∣ ≤ sin(|tp|) cos(tp) tan2(χp) ≤ sin(2|tp|)2 · 3∣∣∣∣∣tan(tq)
(
g(N(q), ϑ(q))
g(N(q), γ˙(q))
)2∣∣∣∣∣ ≤ sin(|tq|) cos(tq) tan2(χq) ≤ sin(2|tq|)2 · 3 .
Due to sin(2tq)− sin(2tp) = 2 sin(tq − tp) cos(tp + tq) and we arrive at
d′′(s) ≤ −h(p
′, p′)
cos(χp)
− h(q
′, q′)
cos(χq)
− sin(d) cos(tp + tq)
(
1− 23
)
.(6.3)
Now we claim that the second inequality of (3.4) is implied by (6.2) and the existence of δ which
satisfy
δ ≤ 1
9
sin
(
c
2
)
cos(tp + tq), −h(p
′, p′)
|p′|2 ≤
δ
2
and −h(q
′, q′)
|q′|2 ≤
δ
2
.(6.4)
The assumption (6.2) implies tp ≤ −d+ π2 and d− π2 ≤ tq.
For d ∈ [π2 , π) we use cos(tp) ≤ sin(d) and cos(tq) ≤ sin(d) and for d ∈ [ c2 , π2 ) we use cos(tp) ≤ 1
and cos(tq) ≤ 1 to obtain
1
2·9 sin(
c
2 )max
{ |p′|2
cos(χp)
, |q
′|2
cos(χq)
}
≤ 3
√
3
8·9 sin(
c
2 )max
{ |p′|2
cos(χp)
, |q
′|2
cos(χq)
}
≤ 19 sin(d).
Together with (6.4) we can estimate the first two terms in (6.3):
−h(p′, p′)cos(χp) ≤ δ2
|p′|2
cos(χp)
≤ 19 sin(d) cos(tp + tq) −h(q
′, q′)
cos(χq)
≤ δ2 |q
′|2
cos(χq)
≤ 19 sin(d) cos(tp + tq).
The third inequality of (6.2) implies sin( c2 ) cos(
d
2 ) ≤ 2 sin( c4) cos(d2 ) ≤ 2 sin(d2 ) cos(d2 ) = sin(d).
Thus the second inequality of (3.4) indeed follows with the help of (6.3) from (6.2) and (6.4).
We shall show first that there exists a vector field ϑ obeying at s = 0
δ ≤ 1
18
sin
(
c
2
)
cos(tp + tq), −h(p
′, p′)
|p′|2 ≤
δ
4
and −h(q
′, q′)
|q′|2 ≤
δ
4
.
The Killing field ϑ is uniquely determined by two choices: firstly, the choice of a great 2-sphere
S
2 ⊂ S3, which contains the closed geodesic from p to q, and secondly, a choice of the zeroes of
ϑ, or equivalently a choice of the coordinates tp and tq with tq − tp = d mod π. We start with
tq = −tp = d2 and set δ = 118 sin( c2 ).
Now we choose the 2-sphere S2 ⊂ S3 which contains the geodesic which connects p and q. This
2-sphere intersectsM along curves at p and q. It is uniquely determined either by the line in TpM
tangent to S2 or by a line in TqM , which is tangent to S
2. Since f is a mean-convex Alexandrov
embedding and both principal curvatures are uniformly bounded by κmax, the cone angles of the
double cones {X ∈ TpM | h(X,X) ≥ −14δ|X|2} and {X ∈ TqM | h(X,X) ≥ −14δ|X|2} are not
smaller than π2 + O(δ). For sufficiently small ǫ ≥ (sin2(χp) + sin2(χq))
1
2 the tangent direction
in the plane orthogonal to γ˙(p) in TpN , and in the plane orthogonal to γ˙(q) in TqN of the
corresponding spheres build two double cones with cone angles not smaller than π2 . Hence the
intersection of both double cones is non-empty and there exists a 2-sphere where the intersecting
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curves of S2 ∩M at p and q has tangent vectors which satisfy both second and third conditions
of (6.4).
Secondly we shall show that the inequalities (6.2) and (6.4) are satisfied for s ∈ [0, s0] with
some s0 > 0. Since the curvature is bounded by cot(c) and due to the assumption (sin
2(χp) +
sin2(χq))
1
2 ≤ ǫ there exists s0 such that tp and tq do not reach the roots of ϑ for s ∈ [0, s0]. Since
the derivatives of cos(χp), cos(χq), tp and tq with respect to s are uniformly bounded, there exists
s0 > 0 such that the inequalities (6.2) and the first inequality of (6.4) are satisfied for s ∈ [0, s0].
Due to (1.2) also the derivatives of h(p′, p′) and h(q′, q′) are uniformly bounded. Hence there
exists s0 > 0 only depending on c and C, such that the second and the third inequality of (3.4)
are satisfied for s ∈ [0, s0]. We choose s0 > 0 small such that |d(s) − d(s0)| ≤ c/2.
Finally we have to satisfy the first inequality of (3.4). At the start point s = 0 this is always the
case for one choice of the sign of ϑ. Now the second inequality of (3.4) implies the first. 
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